Abstract. The aim of this article is to explore global and local properties of finite groups whose integral group rings have only trivial central units, so-called cut groups. We prove that for such groups, the number of rational valued irreducible characters coincides with the number of rational valued conjugacy classes. Further, we provide a natural criterion for nilpotent groups of class 2 to be cut and give a complete list of simple cut groups. Also, the impact of the cut property on Sylow 3-subgroups is discussed. We also collect substantial data on groups which indicates that the class of cut groups is surprisingly large.
Introduction
Let G be a finite group and let Z(U(ZG)) denote the group of central units of the integral group ring ZG. Clearly, Z(U(ZG)) contains ±Z(G), where Z(G) denotes the center of G. However, if Z(U(ZG)) = ±Z(G), i.e., all central units of ZG are trivial, then G is called a cut group or a group with the cut property [BMP17] . The study of this class of groups was initiated in a book of A. Bovdi [Bov87] and the question of classifying such groups was included in the list of problems in Sehgal's book [Seh93, Problem 26] . In their pioneering article [RS90] , Ritter and Sehgal reformulated the requirement of the cut property on the center of U(ZG) into a group theoretic property of G, also termed as RS-property (see [BMP18] ). A remarkable consequence of this work is the fact that rational groups are cut groups, in particular symmetric groups S n and Weyl group of complex Lie algebras are examples of cut groups. Over the last three decades, the study of cut groups has been taken up by several authors under different names and exhibit a highly interesting interplay between group theory, representation theory, algebraic number theory and even K-theory (see e.g. [MP18] , Section 3 for a complete survey).
The original reason for studying cut groups is that for an arbitrary finite group G the unit group U(ZG) has a subgroup of finite index that is generated by the central units and the units of reduced norm one. For many finite groups G the latter group is generated by very specific unipotent units (called bicyclic units). These, together with the Bass units (a natural generalization of cyclotomic units) "determine" finitely many generators of the center; note that the Bass units are in general not central units (for details we refer to [JdR15, Chapter 11] ). It thus is a natural question to determine when the central units can be avoided to determine finitely many generators of a large subgroup of U(ZG), i.e., characterize the cut groups.
Various interesting properties of cut groups are known. For instance, it is apparent from Higman's work [Hig40] that an abelian group G is cut if and only if the exponent of G divides 4 or 6. The work of Ritter and Sehgal [RS90] yields that the cut property is quotient closed. It is observed by Bakshi, Maheshwary and Passi [BMP17] that the center of a cut group is again a cut group, yet the cut property is not preserved under taking direct products. They also proved that every cut group has order divisible by 2 or 3. Furthermore, in recent explorations, it has been observed that the primes dividing the order of cut groups in certain classes are restricted [CD10, BMP17, Mah18, Bäc18] , for instance, in the case of solvable cut groups to 2, 3, 5 and 7. It has also interested these authors to give a description of cut groups in various classes of finite solvable groups.
In the present work, we continue to examine the class of finite cut groups. After setting up the necessary background in Section 2, we begin by observing the impact of the cut property of a group on its character table, see Section 3: We prove that for a cut group G, the number of rational valued irreducible characters of G equals the number of rational valued conjugacy classes of G by exhibiting a nice symmetry between the rows and columns of the character tables of such groups. An elementwise criterion is known for a nilpotent group to be a cut group [Mah18] . In Section 4, we provide a necessary and sufficient condition for a nilpotent group of class 2 to be a cut group. Recently, it has been observed that an infinite simple group is always a cut group [BMP18] . However, this is not true for finite simple groups. We provide a complete list of finite simple cut groups in Section 5. Further, in Section 6, we explore some local properties of cut groups: the impact of the cut property on group elements and the Sylow subgroups. In particular, we prove that Sylow 3-subgroups of cut groups are again cut, for several classes of groups, including all supersolvable groups. Finally, in Section 7, we put up the surprising data on existence of cut groups. For instance, 86.62% of all groups up to order 512 are cut.
Preliminaries
Throughout the article, all groups considered are finite, unless otherwise stated explicitly. Let G be a group and x ∈ G be an element of G. The order of G is denoted by |G|. The order of x is denoted by o(x) and C G (x) denotes the centralizer of x in G. Let y ∈ G. Then, by x ∼ y we mean that "x is conjugate to y in G", i.e., x g := g −1 xg = y for some g ∈ G and [x, y] denotes the commutator
, we indicate that H is a subgroup (normal subgroup). For H G, N G (H) and [G : H] respectively denote the normalizer and the index of H in G. If p is a prime, then Syl p (G) is the set of Sylow p-subgroups of G and the commutator subgroup of G is denoted by G .
By Irr(G) we denote the set of irreducible complex characters of G and for χ ∈ Irr(G), by Q(χ) we denote the field extension of the rationals generated by the values of the character χ. Likewise, Q(x) denotes the field extension of the rationals generated by the values of all the character values at the element x ∈ G.
Recall that an element x ∈ G is said to be real, if
A group G is called real if all its elements are real; equivalently all its characters are real. It is common to call an element x ∈ G rational in G, if x j ∼ x for all j coprime to o(x) and in this case Q(x) = Q. Likewise, a group G is called rational, if every element x ∈ G is rational in G, which is equivalent to saying that every character χ of G is rational i.e., Q(χ) = Q.
We briefly mention certain classes of groups that are related to cut groups. An element x ∈ G is called quadratic if [Q(x) : Q] = 2, and, dually a character χ is called quadratic if [Q(χ) : Q] = 2. If every irreducible character of G is either rational or quadratic, then it is said to be quadratic rational. Following [CD10] , an element x ∈ G is called semi-rational in G, if there exists an integer m such that x j ∼ x or x j ∼ x m for every j ∈ Z coprime to o(x) and x is called inverse semi-rational in G,
We begin by stating the following equivalent criteria for a cut group that are essential for this article. (1) G is a cut group. (2) For every x ∈ G and j ∈ Z with j coprime to o(x),
Hence the notion of a cut group and an inverse semi-rational group are the same. To avoid confusion, we always use the term inverse semi-rational in the local sense i.e., only for elements of the group and the term cut for a group. Note that the above proposition implies that every element of order 1, 2, 3, 4 or 6 is inverse semi-rational in every group it is contained in; in particular all groups of exponent a divisor of 4 or 6 are cut.
There are other known equivalent characterizations of cut groups (for example a group G is cut if and only if the Whitehead group K 1 (ZG) is finite), cf. [MP18, Theorem 5]. We will give yet another one in Lemma 3.2 below. It follows from Proposition 2.1 that the rational groups are cut groups. The cut groups are in the intersection of quadratic rational and semi-rational groups. Observe that the dihedral group of order 16 is both, quadratic rational and semi-rational, yet it is not cut. However, we shall see in Section 7 that cut groups constitute a big part of this intersection.
Rationality
It is well-known that the number of real conjugacy classes of a group agrees with the number of its real irreducible characters, where the conjugacy class of x is called real if all its elements are real. Yet the analogous statement is not true if the field of reals is replaced by the field of rationals; there are groups as small as order 32 such that the number of rational conjugacy classes exceeds the number of rational irreducible characters and vice versa (see Example 3.4 below). It is an old theme in representation theory to detect classes of groups for which the number of rational conjugacy classes coincides with the number of rational irreducible characters. The numbers, of course, coincide in the case of rational groups. Navarro and Tiep proved that this is also true for groups with only one or two rational irreducible characters [NT10, Corollary 9.7, Theorem A] (using the Classification of Finite Simple Groups). Also for groups with cyclic Sylow 2-subgroups the number of rational conjugacy classes and rational characters coincide, as shown by Navarro and Tent [NT10] . A group with a cyclic Sylow 2-subgroup P can only be cut if |P | 4, by Cayely's 2-complement theorem. An old result of Broshi shows that there is the same quantity of rational classes and characters if all Sylow subgroups are abelian [Bro71] . We show that the numbers in question behave well for cut groups.
Theorem 3.1. Let G be a cut group. Then the number of rational irreducible characters of G equals the number of rational conjugacy classes of G.
We begin by proving the following lemma.
Lemma 3.2. Let G be a group. The following statements are equivalent:
(
Proof. Assume first that G is a cut group. Let x ∈ G, so that x is inverse semi-rational in G and in particular semi-rational in G. It thus follows from [Ten12,
Lemma 1], we have that x is semi-rational in G, so that if j is a positive integer coprime to o(x), then
Note that if x is real, then in view of the assumption
, we obtain that Q(x) = Q, i.e., x is rational, so that x j ∼ x. Further, if x is not real, i.e., x is not conjugate to x −1 , then in view of (C), x −1 must be conjugate to x m . Hence, (C) is equivalent to saying that for every positive integer j coprime to o(x),
The following well-known fact is a consequence of a result of R. Brauer on actions of groups on character tables [Isa76, (6.32)].
Proposition 3.3. Let G be a group. The number of real irreducible characters of G and the number of real conjugacy classes of G coincide.
Proof of Theorem 3.1. Observe firstly that in view of Lemma 3.2 and Proposition 2.1, there is a nice symmetry between the rows and the columns of the character table of a cut group as we have the following equivalences:
Therefore, if G is a cut group, then an irreducible character of G is real if and only if it is rational, and similarly for the conjugacy classes. Hence, the result follows immediately from Proposition 3.3.
Note that Theorem 3.1 cannot be extended to the slightly larger class of semi-rational groups nor to the class of quadratic rational groups. In this case the nice symmetry between the rows and the columns of the character table may not hold true.
Indeed, by [Ten12, Lemma 1] a group is semi-rational if and only if all the fields Q(x), x ∈ G, have degree at most 2 over the rationals. However there are examples of semi-rational groups of order 384 (e.g. with SmallGroupID [384, 3283] in GAP [GAP18] ) with an irreducible character χ such that Q(χ) = Q(ζ 24 ), where ζ n denotes a primitive complex n th root of unity, i.e., [Q(χ) : Q] = 2 3 . The group G of order 32 in Example 3.4 below also has an irreducible character with field of character values Q(ζ 8 ) over the rationals.
Example 3.4. In [Ten12, Section 6], J. Tent gave the following two groups:
(having GAP SmallGroupIDs [32, 42] and [32, 9], respectively; the first one being a central extension of C 4 by a dihedral group of order 8, the latter of a Klein four group by a dihedral group of order 8). If we denote by Irr Q (G) and ccl Q (G) the set of rational irreducible characters and rational conjugacy classes of G, respectively, then we have
. These are examples of smallest possible order for which the number of rational irreducible characters and the number of rational conjugacy classes differ. It may be noted that G is semi-rational and H is quadratic rational.
Nilpotent cut groups
As mentioned earlier, it is well known that an abelian group is cut, if and only if its exponent divides 4 or 6. As the cut property is quotient closed and the center of a cut group is again a cut group, we necessarily have for a cut group G:
where exp(H) denotes the exponent of a group H. However, rarely condition (N) is sufficient for G to be a cut group. For example (N) holds for all simple groups, but not all simple groups are cut (see Section 5). Also, dihedral groups of order 2p, p a prime, satisfy (N), but these groups are not cut for p 5 (and are of derived length 2). In [BMP17] an element wise criterion for a nilpotent group to be a cut group is provided, [Mah18] refines this in case of nilpotency class 2. In this section, we provide a characterization on the quotients of G, for G to be a cut group for nilpotent groups of class 2. We prove that in case of nilpotent groups of class 2 the condition (N) is sufficient for G to be a cut group. We recently were informed by V. Bovdi that such a characterization was already obtained by Z. Pataȋ and A. Bovdi [Pat78, Bov87] . Since these papers are written in Ukrainian and Russian they seemed to have stayed unnoticed by many experts. Proof. Clearly the condition is necessary. For sufficiency, assume that G is a finite nilpotent group of class at most 2 and the exponent of Z(G/N ) divides 4 or 6, for all N G. The nilpotency of G yields that G is a {2, 3}-group and G = P 2 × P 3 , where P 2 and P 3 denote its Sylow 2-and 3-subgroups, respectively. In view of [Mah18, Theorem 3], G is a cut group if, and only if both P 2 and P 3 are cut groups; and P 2 is rational, if P 3 is non-trivial. Since G is of class at most 2, [h, G] = {[h, g] : g ∈ G} is a normal subgroup of G, for any h ∈ G. We first check that P 2 is a cut group. By [Mah18,  Corollary 3] this is equivalent with x 4 ∈ [x, P 2 ] = [x, G] for all x ∈ P 2 . But this follows from the assumptions, since the image of x is contained in Z(G/[x, G]). Similarly, P 3 also is a cut group. Hence, it only remains to show that if P 3 is non-trivial, then P 2 is rational. Assume that P 3 = {1} and take x ∈ P 2 . Clearly [x, G] = [x, P 2 ] P 2 and 3 divides the order of Z(G/[x, G]). Then, by the assumption, x 6 ∈ [x, G] and thus x 2 ∈ [x, G]. Hence, for any odd integer j = 2v + 1 we have
and thus x j ∈ x P2 . So, x is rational in P 2 , as desired.
Remark 4.2. Note that for a nilpotent group G of nilpotency class exceeding 2, exp(Z(G/N )) | 4 or exp(Z(G/N )) | 6 for all N G is no more sufficient to conclude that G is cut. For instance, if G = D 16 , the dihedral group of order 16, we have exp(Z(G/N )) | 2 for every normal subgroup, yet the group is not cut. Similarly, if
all centers of quotients of G are of exponent 3, but this group is again not cut (G has SmallGroupID [81, 8]).
Simple cut groups
So far, the properties of solvable cut groups have been explored. A complete classification of finite metacyclic cut groups is given in [BMP17, Theorem 5]. A description of Frobenius cut groups can be found in [Bäc18, Theorem 1.3] (it turns out that those groups are always solvable). In this section, we give a complete classification of finite simple cut groups.
Theorem 5.1. Let G be a simple group. Then G is cut if and only if it is isomorphic to one of the following groups:
Proof. The simple semi-rational groups are classified in [AD17, Theorem 1.1] (using the Classification of Finite Simple Groups) 1 ; disregarding the alternating groups this is a finite list. The alternating groups that are cut are described in [Fer04, AKS08] . An inspection of the character tables of the remaining groups (for example in ATLAS [CCN + 85] or GAP) using Proposition 2.1 reveals that of those exactly the groups listed above are cut groups.
Note that in contrast to the case of finite simple groups, every infinite simple group I is a cut group i.e., has the property that Z(U(ZI)) = ±Z(I), see [BMP18, Examples following Theorem 5].
Local properties of cut groups
It was conjectured for a long time that being rational for 2-elements is governed by the Sylow 2-subgroup of a group. More precisely, already in Kletzing's book from 1984 [Kle84, p. 13] it is referred to as a "long standing conjecture" that the Sylow 2-subgroup of a rational group is again rational (recall that every non-trivial rational group is of even order and hence has a non-trivial Sylow 2-subgroup). Eventually in 2012, Isaacs and Navarro provided rational groups of order 2 9 · 3 with Sylow 2-subgroups that are not rational [IN12] . However, they also proved the conjecture for solvable groups with Sylow 2-subgroups of nilpotency class at most 2 [IN12, Theorem A].
Recall that every non-trivial cut group has order divisible by 2 or 3 [BMP17, Theorem 1] and one might wonder which properties are determined locally (i.e., in p-subgroups or their normalizers). It is not hard to find cut groups that have Sylow 2-subgroups that are not cut (e.g. the groups with SmallGroupID [384, 18033] and [384, 18040] of order 384 = 2 7 · 3). However, for the prime 3 things seem to behave differently. The following lemma shows that being inverse semi-rational for 3-elements is indeed a somehow local property.
Lemma 6.1. Let G be a group and let x ∈ G be a 3-element. Then x is inverse semi-rational in G if and only if x is inverse semi-rational in P for some P ∈ Syl 3 (G). f is cyclic (Aut(C 3 f ) C 2 × C 3 f −1 ), and 2 is a primitive root modulo 3 f , i.e., 2 generates the unit group of the ring of integers modulo 3 f . Hence, the 3-element x is inverse semi-rational in an ambient group if and only if x is conjugate to x 4 in that group. Assume that the 3-element x ∈ G of order 3 f is inverse semi-rational in G. Then there exists g ∈ N G ( x ) such that x g = x 4 . Since the automorphism w → w 4 of x is of 3-power order, we may replace g by its 3-part, if necessary, and can assume that g also is a 3-element. Now, since g normalizes x , the subgroup S = x, g is a 3-subgroup of G. By Sylow's theorem, S is contained in a Sylow 3-subgroup P of G and x is inverse semi-rational in P . The other implication is clear.
The above lemma is clearly false for p-elements, p 5.
It may be observed that if G is a cut group and P ∈ Syl 3 (G) then P is cut if and only if for all x ∈ P and for all S ∈ Syl 3 (G) containing x, x is inverse semi-rational in S. Lemma 6.1 asserts that each 3-element of a cut group is inverse semi-rational in at least one Sylow 3-subgroup. From the next lemma one can deduce that it is inverse semi-rational in all Sylow 3-subgroups, in certain cases.
Lemma 6.2. Let G be a cut group and P ∈ Syl p (G) for some prime p. Then exp Z(P ) | p, if p is odd and exp Z(P ) | 4, if p = 2.
Proof. Let x ∈ Z(P ) be an element of order p f . Then P C G (x) and hence Let p be a prime. For a group X denote by O p (X) and O p (X) the maximal normal p-subgroup of X and maximal normal p -subgroup of X, respectively. For a group G we can define the upper p-series by 1
) and so on (alternating between p and p ). If this series terminates in G, then G is called p-solvable. In this case, the p-length of G is defined to be the number of occurrences of the symbol p in the subscript of the first group in the upper p-series of G that equals G. For example, G has p-length at most 1 if and only if it has normal subgroups M and N , M ⊆ N , such that M and G/N are p -groups and N/M is a p-group. We prove the following: Proposition 6.3. Let G be a 3-solvable cut group of 3-length at most 1, P ∈ Syl 3 (G). Then P is cut.
Proof. Since G has 3-length 1, G has normal subgroups 1 M N G such that M and G/N are 3 -groups and N/M is a 3-group. Let x ∈ P . Then x is inverse semi-rational in G and hence also in some Sylow 3-subgroup Q of G by Lemma 6.1. Since N is a normal subgroup of 3 -index, Q is contained in N and hence x is inverse semi-rational in N . Note that M is a normal complement for P in N , that is, N = M P is the semi-direct product of the normal subgroup M with P and the restriction to P of the projection map π : N = M P P is the identity map on P . As x is inverse semi-rational in N , there is n ∈ N such that x n = x 4 . Write n = my, m ∈ M , y ∈ P . Then x y = x 4 , since π(n) = y. Hence, x is inverse semi-rational in P , implying that P is cut.
The following proposition follows from Lemma 6.2 and Proposition 6.3: Proposition 6.4. Let G be a cut group and P ∈ Syl 3 (G). Then P is also cut, provided one of the following holds:
(1) P is abelian.
(2) P is a normal subgroup of G. In particular, a unique Sylow 3-subgroup of a cut group is always cut.
Remark 6.5. Using Cayley's 2-complement theorem together with the previous proposition we obtain: Let G be a cut group with order only divisible by the primes 2 and 3 and let P ∈ Syl 3 (G). If a Sylow 2-subgroup of G is cyclic, then P is cut.
Theorem 6.6. Let G be a cut group and P ∈ Syl 3 (G). Then P is also cut, provided one of the following holds:
(1) G is supersolvable, (2) G is a Frobenius group, (3) G is simple, (4) G is of odd order and O 3 (G) is abelian.
Proof.
(1) Supersolvable groups have a Sylow tower [Hup67, VI, Satz 9.1], so in particular p-length at most 1 for all primes p. The claim thus follows from Proposition 6.3. (2) Assume that G is a Frobenius group with Frobenius kernel F and Frobenius complement K.
Since F and K have coprime order, a Sylow 3-subgroup P of G is isomorphic to a Sylow 3-subgroup of F or to a Sylow 3-subgroup of K. Assume that 3 divides |F |. Since F is nilpotent and characteristic in G, P is normal in G. Hence it is cut by Proposition 6.4. If 3 divides |K|, then P is cyclic by [Pas68, Theorem 18.1 (iv)] and it follows from Lemma 6.2 that it is also cut. (Of course, we could also have used the description of Frobenius cut groups in [Bäc18, Theorem 1.3].) (3) In Theorem 5.1 the simple cut groups were determined. They are given along with the nilpotency class of their Sylow 3-subgroup P in Table 1 , showing that there nilpotency class can exceed 2. Using, for example GAP, one can check that these Sylow 3-subgroups are again cut. Table 1 . Simple cut groups G with the nilpotency class of their Sylow 3-subgroup P Assume that O 3 (G) is abelian. We aim to show that every element of the Sylow 3-subgroup P = O 3 (G) t is inverse semi-rational in P . Firstly, we claim that in this setting O 3 (G) has exponent 3. Assume there is y ∈ C O3(G) (t) of order 9. Then [t, y] = 1 and hence t ∈ C G (y). However, C G (y) = O 3 (G): clearly O 3 (G) C G (y), since the former is abelian, but also since O 3 (G)F is a Frobenius group for every F ∈ Syl 7 (G), C G (y) cannot contain elements of order 7 and since y is inverse semi-rational in G,
. This yields a contradiction since t ∈ O 3 (G), by the form of the Sylow 3-subgroup. So there is no element of order 9 in C O3(G) (t) and exp(C O3(G) (t)) = 3.
f | f ∈ F for some F ∈ Syl 7 (G), so also exp(O 3 (G)) = 3, since the latter is abelian. Thus every element of O 3 (G) is inverse semirational in O 3 (G) and hence also in P O 3 (G). Now assume that x ∈ P \ O 3 (G). Then P is the unique Sylow 3-subgroup of G containing x, because O 3 (G) < O 3 (G), x P and [P : O 3 (G)] = 3. Since x is inverse semi-rational in G, Lemma 6.1 asserts that x is inverse semi-rational in a Sylow 3-subgroup that contains it. Hence, x is inverse semi-rational in P . Consequently, every element of P is inverse semi-rational in P , i.e., P is cut.
Note that the class of groups in (4) contains groups of 3-length 2. We do not know of any example of a cut group of odd order to which the above theorem does not apply. Theorem 6.6 could also have been proved using the dual characterization of cut groups using characters.
Recall that a group G is called a Camina group, if G = G and, for every g ∈ G , the coset gG is a conjugacy class. As Camina groups are either Frobenius or p-groups [DS96], we immediately have the following corollary from Theorem 6.6: Corollary 6.7. A Sylow 3-subgroup of a Camina cut group is again a cut group.
Using the above results and GAP with the grpconst package [BE18], we have verified that the Sylow 3-subgroups of all cut groups of order at most 2000, as well as for order 2 2 · 3 6 , 2 3 · 3 6 and 2 2 · 3 7 , are again cut. Naturally, the following question arises:
Question 6.8. Are Sylow 3-subgroups of cut groups again cut?
Question 6.8 essentially asks whether we can always replace the existence assertion for the Sylow 3-subgroup in Lemma 6.1 by a "for all" statement.
Remark 6.9. Recall that (normal) subgroups of cut groups need not to be cut groups. But for classes for which Question 6.8 has a positive answer, the Sylow 3-subgroups have this property. In view of Proposition 2.1, this implies that for such groups, the centers of the Wedderburn components of the rational group algebra of cut groups also influences those of its Sylow 3-subgroups. For, if the centers of the Wedderburn components of QG are all rational or quadratic imaginary, then the same holds true for QP for P ∈ Syl 3 (G).
Existence of cut groups
In this section, we will give some indications that the class of cut groups is surprisingly large in all finite groups. Recall that a p-group can only be a cut group if p ∈ {2, 3} [BMP17, Theorem 1]. We show that in these cases, the ratio of cut groups tends to one in the logarithmic sense. .3] it follows that the number of 3-groups of exponent 3 (and nilpotency class 2) has the same asymptotic behavior in the leading term, so (**) also holds for p = 3.
Remark 7.2. Though the above proposition shows that there are many cut groups in the class of p-groups, it says nothing about the actual percentage. For groups of small order we now also support this with numerical data which we obtained using GAP and the SglPPow package [EVL14] . Table 2 lists the number and percentage of rational as well as cut 2-groups up to order 2 9 . Observe that for the 2-groups, the percentage of cut groups increases again from order 2 8 . The number and percentage of cut 3-groups up to order 3 8 are enlisted in Table 3 (note that the only rational group of odd order is the trivial one). Also, in Table 4 , we list the number and percentage of rational and cut groups of selected mixed orders. Figure 1 presents a chart showing the percentage of groups that are rational and cut, up to order 1023. The horizontal and the vertical axes indicate the order and the percentage respectively. The dashed graph gives the percentage of rational groups up to that order whereas the solid graph indicates the percentages of cut groups up to that order. Note that the upward bumps for the percentage of cut groups appear at 2-powers, whereas the (visible) bumps downwards for this percentage happen at orders of the form 2 a · 3. Yet also for these orders the cut groups are still surprisingly numerous, cf. Table 4 . Also, when considering all groups up to a certain small order, cut groups are not negligible. For instance, about 86.62% of the groups of order at most 512 and 78.55% of groups of order at most 1023 are cut groups, whereas 0.57% of the groups of order at most 512 and 0.52% of groups of order at most 1023 are rational. 
